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Again About Calculating Of Limits Of Some Sequences With The 
Help Of Integrals 


Teodor Dumitru Válcan 


Abstract: According to the curricular documents, learning Mathematics in school aims to raise awareness of the 
nature of Mathematics as a problem-solving activity, based on a body of knowledge and procedures, but also as 
a dynamic discipline, closely linked to society through its relevance in everyday life and its role. in Natural 
Sciences, in Technologies and in Social Sciences. The major meaning of the current references in teaching - 
learning Mathematics is shifting the emphasis from teaching knowledge that has essentially remained the same 
from the old programs, on capacity building, where "using different strategies in solving problems" occupies a 
special place. This paper falls into this context; continuing the steps begun some time ago, a way to calculate the 
limits for four categories of strings is presented here, with the particularities and related examples. 
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I. Putting the problem 

In a recent paper (Valcan, 2016), titled very suggestively From Mathematics Spectacle. Examples of 
Good Practice for Pupils, Students and Teachers, we have proposed, obtaining remarkable limits of sequences, 
at the upper level of the high school, so only using mathematical knowledge learned in school, but in a 
comprehensive approach. So, first we used Moivre's formula and Newton's binomial in solving three higher- 
level algebraic equations, after which, using Viéte's relations, we got some inequalities that helped us calculate 
the limits of remarkable sequences. Finally, we applied the results obtained when calculating the limits of less 
known sequences. 

In the paper From limits of sequences to definite integrals - (Válcan, 2017) we have approached from the 
inductive but also deductive perspective the problem of calculating the limits of some special classes of 
sequences of real numbers, using the define integral, and in the paper From integrable functions to limits of 
sequences - (Valcan, (I), 2018), I started the reverse: from certain definite integrals we have determined two 
classes of convergent sequences and their limits. 

Finally, in the paper (Válcan, (II), 2018) - entitled The spectacles of Mathematics ... continues, we 
continued the ideas presented in the papers mentioned above and we calculated the limits of other categories of 
sequences of real numbers. 

In this paper, as mentioned above, we will continue this approach and present ways to calculate the limits 
of other sequences of real numbers. 


II. Main results, particular cases and examples 
This paper is a continuation of the paper (Válcan, 2017) and, implicitly, of the paper (Válcan, 2016), 
where I have shown that the following equalities hold: 
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Also in (Valcan, 2017) we calculated or proposed for calculation 16 limits for type A sequences, 24 
limits for type B sequences, 24 limits for type C sequences and 16 limits for type D sequences. 

Therefore, in the following, we will respect the ideas and numbering made in (Valcan, 2016) and 
(Valcan, 2017). 

We start presenting the new results: 


E) Theorem E: If p, q, r, seN" and p<r<s, then: 
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because, according to (Válcan, 2016, Proposition), 
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The following remark is required here: 
Remark ЕО: A simple calculation shows us that: 
Q- 02+ A3- 0470, 


which tells us that none of the above integrals is not improper. 
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Proof: Equality (E1.1) is obtained from equality (E1), for: 
4-1, 
or by direct calculation. Thus, for every КЕМ", 
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Example Е1.2: The following equality holds: 
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Proof: Equality (E1.4) is obtained from equality (E1), for: 
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q=4, 
or by direct calculation. Thus, for every КЕМ", 
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12 нээ -x1 12 now 7 1-x4 





> 


1 pO—x) Dat 
E 1 гах 
12 1- x1 


-Х 
because, according to (Valcan, 2016, Proposition), 
ууз, Sx (n4tl)-q-l 

lim (1-х)? -(x+1)-x 


noo 1-х1 
0 


-4х =0. 





Example ЕЗ.1: The following equality holds: 
n 
: 1 
lim У "am (E3.1) 
noo {= k-(k+1)-(k+3)-(k+4) 144 
Proof: Equality (E3.1) is obtained from equality (E3), for: 
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9=1, 
or by direct calculation. Thus, for every КЕМ", 





1 _1 (1_2, 2 1 
k-(k+D-(k+3)-(k+4) 12 (к k+l К-3 k+4 











1 
к-1 k+3 1 | к-1 
D 2. :4х 5-1 1-2 х--2-37- 4 
Ор X x“? cx Pus [C x х? x^).xF 1]. dx 
0 
1 1 
=. |[(1—x)?-(x+1)-x*"]-dx. 
[ona 
0 
So, 
ч 1 1 
lim У»------------ Хн х)? -(х-1)-х571-4х 
nox Stk-(k+1)-(k +3)-(k +4) 12 ы 
1 k-l : 3 к-1 
=! ‚| 1- +1 оны fla- (+. d 
z lim Ук xy -(х--1)-х571-х lim if х)? .(х Ух х 
0 k=l 0 k=1 
| 1 х" 1 
=—. lim a- ху dex = [= x? 6 0-a- xax 
12 noo 12 ЖЭЛ 
1 { 1 | 
HN lim 11(-х) -(x +1)-x"]-dx 
12 о 12 noo 
1 2 3 4 
1 
=. [08 =x? -x41)-dx = L, а ыг 
12 4 12 2 з 410 
1 | 1 1 "| 1 5 5 
= . 1 + = . = S 
12 2 3 4) 12 12 144 
since: 


1 
lim [rax x Ty x] dice 


noo 


Example E3.2: The following equality holds: 





n 
. 1 
lim у = І : (ЕЗ.2) 
noo m (2-k)-(2-k+1)-(2-k+3)-(2-k+4) 144 
Proof: Equality (E3.2) is obtained from equality (E3), for: 
4-2, 


or by direct calculation. Thus, for every КЕМ", 





1 1 1 2 2 1 
= . + 
2-К-(2-К-1)-(2-К-3)-(2-К-4) 12 E 2-К-1 2-К-3 uj 


1 1 
1 1 
oo oe ee re eee 
0 


1 
= fi [taxon px. 
0 


So, 





1 | 2К-1 
> 1- 1 d 
noe до 12 ue Îi х)? сэ нх рейх 


чу [Soc e en | зэвэрч 
0 = 
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1 2n 1 2 2n 
1- 1- : 1)-х-441- 
aci lim (1-3) fede Da ын РЕ lim ime a) 20171 
12 noe 1-х 12 noe 1+x 
0 0 
1 | 1 f 1 | 
=—. |[A-x)?-x]:dx = lim | Тч dxe— f x°? —2x? +x)-dx 
12 fr yx] 12 n>% K ) 1 12 ( ) 
0 0 0 
pf „хх x 1 [130 43) 1 1 1 
= . 2. + = . + = . = 5 
12 2 3 4]0 12 12 3 4) 12 12 144 
since: 
1 
lim |[@—х)^-х”"*!]-ах =0. 
n—»o0 
Example E3.3: The following equality holds: 
ME 1 1 1 
lim У` Бе eee Уз | (E3.3) 
noo {== (3-k)-(3-k4+1)-(3-k+3)-3-k+4) 24 | 6 3 
Proof: Equality (E3.3) is obtained from equality (E3), for: 


4-3, 
or by direct calculation. Thus, Гог every КЕМ", 





1 _1 (1 2, 2 1 
З.К-(З3-К+1)-(3-К+3)-(З3-К+4) 12 ЗЕ 341 34443 3444 
































f 1 
= [К1-2-х?*+2-х adL. [1-2-х+2-х°-х*у-х®*-1]-ах 
12 12 
ү 0 
i 
-— I-a De-a, 
12 
0 
So, 
3 1 1 n 1 
lim =—. lim Ї аху" 6c n9 ах 
поо указа 12 а 24 
1 re i А 
gm [Sao corn nae [fama corn a | 
= 0 k=l 
г _y3n 1 2. Pru 
-l.im (| ape? С axe liim [O79 DE 07 y 
12 noo ч 1-х 12 n>% 5 1+x+x 
1 К@—х)?-(х+1)-х2 1 | P(x) Dx? 
=—- — s lim - “х 
12 D 14+x+x 12 noo 2 Тэр 
1 
25 | 2х? +3 3, = 3. > 1 Jax 
12 5 2 х^+х+1 2 х’+х+1 
з 4 | | 
TN Ban t i 3 Буха - ag 2.x +] 
12 3 4 2 B Jlo 
21(3-2,1 34,4 73] 1 [31 ap], 
12 3 4 2 6 24 | 6 3 
since: 
: 2 3-n+2 
1- 1 р. 
up [E E ESAE Ceu 
n—»o0 b 1+х+х 


Example E3.4: The following equality holds: 
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шоо 1 
lim У СЕИ (APR A (83.4) 
nm #=—4(4.К).(4-К+1)-(4-К+3)-(4-К+4) 24 \ 6 
Proof: Equality (E3.4) is obtained from equality (E3), for: 
q=4, 
or by direct calculation. Thus, for every КЕМ", 
1 21 E 2 | 2 1 | 
4-К-(4-К+1-(4-К+3)-(4-К+4) 12 (4k 4-k+1 4-k+3 4-k+4 
1 1 
sL. [et оек ent xta o. [N-ar 2 3-х как 
12 12 
0 0 
11 
=: [а х)? + x de, 
12 
0 
So, 
ч 1 1 T 
lim =—. lim | 1—3)3 (х D-x ^ ]- dx 
lim Dua) eke TW WINE 12 n>% 2.) эреп 1 
1 fx 1 п 
-——. 1 — 3, . 4k-l . мый. с =з» 1 — 3, . 4-1 . 
=— lim [dtc x) Qo xf T] d= lim jo xy Go Ух IE 
0 k=l 0 k=l 
1 _ „Фп 1 ax)? уЗ уруп 
а Ое а" 
12 n>% ix" 12 шааж 1+х+х?+х? 
1 (4-х) 4х-1)-х7 1,2 кїў (жей 
= |1 — шп = -dx 
12 2 14+x+x°+x 12 шаа! 14+x+x°+x 
1 3 4 
1 
= : | X 24 542-25. 2 -dx = E dde 2-arctgx 
12 3 х^+1 12 34 0 
211522: К Ву 
12 3 4 4) 24 (6 
since: 
la 2. ‚„Фп+3 
lim | ООН ы 
no 14+x+x°+x 
Corollary E4: If q EN", then: 
n 1 3 -1 
| 1 -xy.(3. „x 
lim У d jj? X) GDI 0 25 
n» S41 (4:К)-(4:К4:2)-(4:К4-3)-(4:К-:4) 24 J 1-х9 


Proof: Equality (E4) is obtained from Theorem (Е), for: 
p=2, r=3 and s=4, 
or by direct calculation. Thus, for every КЕМ", 





1 _1 (1 6 8 3 
4:К-(4:К-2)-(4:К-3)-(4:к-4) 24 (к q-k+1 q-k43 q-k+4 


1 1 
-3 (or = 6:9 48- x152 3. E dx = [1-6-х +8-х?—3.х°у.х\*-1]-ах 
0 0 


1 
1 3 к-1 
-—.|[ü-x)-Q:x«D.x** ]-dx. 
24 | 


50, 
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1 
lim 2 . 
noo (ч: k)-(q-k+2)-(q-k+3)-(q- KA 24 e 





1 х)? . (3-х +1): х1]. ах 
x 


==: lim fu- ху - (3. x+l1)- х4К- р <=. m i MM “Ах 
1 m 
=: lim cr 
24 n>% 4 Ixi 


1 pd—x)?-3-x41)-x07 0-3) Q-x +1) xC 
= lim | 22 «dx 
n—90 


1-х4 га 1-х“ 











> 


1 (4-ху-(3-х-41)-х97 
==, | «di 
24 ]-x? 

because, ii. to (Valcan, 2016, Proposition), 


Г(0-х)у-(3-х--1)-х 7941 
мм 1-х4 





-4х 20. 


Ехатрїе Е4.1: : The following equality holds: 





n 
| 1 
lim У; EE (БАЛ) 
n c k-(k+2)-(k+3)-(k+4) 288 
Proof: Equality (E4.1) is obtained from equality (E4), for: 
9=1, 
or by direct calculation. Thus, for every КЕМ", 





1 I (i 6 В 3 
k-(k+2)-(k+3)-(k+4) 24 lk k+2 k43 k+4 


1 
1 
= [0e 6x mata 


1 
LN fid-6:x? «838 -3-x* хах 
24 24 J 











1 
= fi ave 
So, 
fiat She 111. "Уе х) (3-x 1): x! ]-dx 
nove £x k-(k2).(k*3)(k*4) 24 Hm 
=: lim 12 ху .(3-х+1)-хк0. dioc lim ПС 
noo 
0 К-1 

1 1 1 
== dm la- x)?-(3-x+1)- = dx = lim 9-х? -@-х+0-а-х"-ах 
24 noo A n> i 

1 1 1 1 
= aede = DL 

1 2 3 4 
1 

=Z. [-х3-5-х2+х+-ах = M ве ua 

44 24 2 83 7410 

1 | 1 5 ‘|. 1 7 7 
= -| 1+ + 

24 2 3 4, 24 12 288’ 

since: 
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1 
lim |[0—x)?-G-x 4 D- x" ]- dx =0. 
0 


no 


Example E4.2: The following equality holds: 


ох 1 
lim €  —- . TE : (E4.2) 
nc {= (2-k)-(2-k+2)-(2-k+3)-(2-k +4) 24 12 
Proof: Equality (E4.2) is obtained from equality (E4), for: 
4-2, 


or by direct calculation. Thus, for every КЕМ", 





1 1 1 6 8 3 
= . + 
2.К-(2-К+2)-(2-К+3)-(2-К+4) 24 E 2-k+2 2-k+3 xu] 





























1 1 
sL. (216.299 eget 3.028) ako o fia- 6x ib 5x5 pud 
24 24 
0 
(3 
=—. |1 ху .(3:.х +1)-x2*")- dx. 
x Пах)" Bx Dx ax 
0 
So, 
n 1 n 1 
lim . lim [Ia -х+0-х?® ах 
n-o t (2-k)-(2-k-+2)-(2-k+3)-(2-k +4) - 24 now ET 
1 n 
_ 1.4: 2-k-1 _ 3 2-k-1 
"51 Um f$- ху -(3-x+D-x ]-dx = — =: lim la сам jo 
1 f : 1х2" 1 (1-5) -(3-х41)-х-4-х7) 
=. lim || (1-х) :(3-х+1):х: _|Чх=—.Иш те 
24 noo = 24 noo 1+х 
0 0 
1 (4-ху-х-3-х-1) 12: (4-х) -х+0-х" 
- | -dx - - lim | -dx 
24 1+x 24 n>% А І+х 
1 4 32 2 3 4 
.x^—5. 1 
BE | SM ELE | ge ШЕ a ав 
24 A х-1 24 2 3 4 0 
zl 588 х ж вао Баг 
24 12 
since: 
Г(1-х)2-(3-х-1)-х"" 
lim -dx =0 
d 1+х 
Example Е4.3: The following equality holds: 
n 
lim У; : BRA one Уз . (Е4.3) 
no Ca (3-k)-(3-k+2)-(3-k+3)-(3-k+4) 48 | 6 3 
Proof: Equality (E4.3) is obtained from equality (E4), for: 


4-3, 
ог by direct calculation. Thus, Гог every КЕМ", 





1 Ara 6 8 3 
3-k-(3-k+2)-G-k+3)-G-k+4) 24 (3-k 3-к-2 3-k+3 3-k+4 


І 
AX. [eee 6.3191 48х32 425968). 


1 
4 fl Їа-6-х2--8-х7-3-х9) x7 ]- ax 
0 
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1 
= | ху Gera. 
0 









































24 
50, 
1 1 
lim . | 1-хУ(3-х-41)-х7"|-4х 
шаал, £4 (3-k)-G-k*2)G-k-3-G-k4) > 24 92 К y ‹ » 1 
| [x 
opum [Lid Gxt dx lin lim fe ху -(3-х+1): Ух PS? f. dx 
0 k=l k-l 
1 1--х 7 
=—. lim [|(—3)-G-x 4 D-x?- EL рах 
24 noo 1—х3? 
0 
is i Г01-х)2-3-х-1)-х2-0- Хов 
24 Ae 1+х+х? 
И x2. 3+2 
E 1 ra- x)? т (3-х +1) du 1 lim 0-х)-0 = х ae 
24. 1-x x? 724 пә 1 І+х+х 
1 FM 
EN | 2 
24 5 x^ -x-«l 
1 
24. 2 x24x41 2 х2+х+1 
1 ах х 9 2-х-11|! 
=—-|3- х+6.^ QUUM dnx? +x41 £43. arct 
24 " а 1 43 |! 
ша, 32 T І 5 ons E28 | 
24 6 | 48 3 
since: 
3-n+2 
lim j^ х) -(3-х-1)-х eet 
n> 1-x4x? 
Example E44: The following equality holds: 
n 
lim У. : gl йн ал (E4.4) 
пэс t (4-k)-(4-k+2)-(4-k+3)-(4-k+4) 24 (12 
Proof: Equality (E4.4) is obtained from equality (E4), for: 


q=4, 
or by direct calculation. Thus, for every КЕМ", 





1 1 1 6 8 3 
= . + 
4-k-(4-k +2)-(4-k+3)-(4-k+4) 24 Gs A-k+2 4-k+3 a) 


1 
1. [ode Lg er pg ge ЗВ qu 


1 
= fi fa- 6-х2-8-х3-3-х9)-х5571-4х 
0 


1 


І М) de, 


oa 
So, 





im 1 : > 4k-l 
1 - lim 1- 3-х-1 
e nupcr 7 24 ue În 3) Gr 
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14 1 " 

Ї 3 4k-l Ї 3 4-1 
=—. lim 1-х)7-0-х41)-х -dx =—.- lim 1-x)-@-x+l)-)> х -dx 

x РЭГ Ухх = tn || Алаг»? 


noo 


























1 4. п 
siena [йе По eae 
24 noo 1-х“ 
0 
уу? га. 3 4-й 
ENE lim (l—x)*-(3-x+1)-x°-(d-x Тас 
2A. mene 12x ex? «x? 
1 p(l-x)?-x3-3-x +1) |. p(l-x)?-G-x41)-x42 
= . NES -dx - - lim 2. -dx 
24 5 1+x+x°4+x 24 noo 1 1+x+x°+x 
1 3-х aci rae a 
=> | л MAN Арша ee 
24 x -x^ x41 
11 1 1 
еее Д с.н" 
24 i х-1 x +1 x +1 
ч 1 
RE s ME: gd dtes) Аена 3: dac ue 
24 | 2 4 2 0 
БЕТ о. In2-x-1n2 |= : . “сал ор Я 
24 (2 3 4 24 (12 
since: 
1 2 4-n43 
t= -(3-x +1)- 
us ee, 
шаг 1+x+x°+x 


We now move on to another category of sequences. 
Е) Theorem Е: If p, q, г, 5, teN" and p<r<s<, then: 


























: 1 . | F(x) | 
lim =a lim -dx, (F) 
no Хао ACE SCHED n J 1-х" 
where: 
Е(х)=(ол- yx"? + оз 35? - au x?) РТ, 
1 
“(г-р)(8-р):01-р)-(8-1)-01-1):01-8)7 
at -(s-r) (1-1) (1-5), Q=(s-p)(t-p) (1-5), a3=(r-p)(t-p) (t-r), 
a4=(r-p)(s-p)(S-r). 
Proof: For every КЕМ", 
1 zs Oy о 03 Од 
(q:-k+p)-(q-k+r)-(q-k+s)-(q-k+t) q:k+p q-:k+r q:k+s q-k+s 
1 
=@- fo А х9К+р-1 == хк! +03: х9К+8-1 -a4 gy - dx 
0 
1 
=a: ЇЇС ах Ро x* P о x P). 9Р1. х, 
0 
where: 
= 1 
(r—p)-(s—p)-(t—p)-(s—r)-(t-1)-(t—s) ’ 
o.=(s-r)-(t-r)-(t-s), O2=(S-p)-(t-p)-(t-s), 13=(1-p)-(t-p)-(t-r), ом=(т-р)-(5-р)-(5-г). 
So, 
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m > 1 
ны 2 (d: k+p)-(q:k+r)-(q:-k+s)-(q: cy” 








=a: lim > Jie -02 xP + ад “xP -a4 хр) x They dx 
п 00 
k=0 9 
1 n 
=a lim Г -ax P +03 xSP -a4 xt P) x 589-1]. dx 
п 00 
0 k=0 
Г n 
=a: lim || (оу 0-х? ноз: x"? —a4-x* P).xP! >й - dx 
п 00 


]-x? 





1 

0 

1 1 x tla 
=o. lim | (a —05:x ^? a x57? адхі Р) x P711. |.дх 
0 

1 

| = 

: 1-х 





— = t- -1 
(a, —aà5-x P +03: xP -04x P).xP | d 
3 ae 


-a: lim 
noo 


1 г-р 8-р 1-р р-1 
a-a: X Р +a: X P-ay-x -X 
шос | [ 1 “2 3 : 4 ) | dx, 
a 1-х 

because, according to (Valcan, 2016, Proposition), 


1 "n; = = aip 
р 8-р t-p (п+1):9+р-1 
| О|-05:Х *+0,°X |—Q4:X X 
lim [ 2 3 ы ) үнд 
0 





1 = Ээ E š = 
шин Pos 7 - ga x P) x Ot ӨР 1 i 
2 "T 


1-x! 








noo 1-х1 


Here, too, the following remark is necessary: 
Remark ЕО: A simple calculation shows us that: 

Q- 02+ Оз- 0470, 
which tells us that none of the above integrals is not improper. 
Corollary FI: If q EN", then: 


1 Es P(x 





E mc -kK+D-(q:k+2)-(q:k+3)-(q: k+4 6 + 1-х“ 


Proof: Equality (F1) is obtained from Theorem (F), for: 
р-1, r-2, 8-3 
ог by direct calculation. Thus, Гог every КЕМ", 


(FI) 


and t=4 





1 1 1 3 3 1 
= . + 
(q-k+D-(q-k+2)-(q-k+3)-(q-k+4) 6 (ол 4:К-2 q-k+3 ла) 


«dt 3.x 0k 4.3.x 0K42 ex 9 dx 


[([-3-x43.x* - x^) ах. 
So, 


lim 1 


na 24:51) kO Gk 3 E 





==: lim $ fa- 3-x43-x* — x^). хх 
0 
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|n 
l : 
2) lim | > (1-3-х--3-х7-х2)-х9 (1-4х 


поо ет 

















1 
1 к 
к | 1-3-х+3-х2— ak |. 
Р 21 С х x? -x zu Ух | x 
0 k-0 
1 
1 (n+D-q 
= lim fja- 3-x+3:-x? -x SE шэг - dx 
6 n-o 1-x4 
0 
1 Ш lla. a4. “22. ү3ү.ү (0+)q 
_1 ше pie в а uim x)x х 
6 nv ]- x? 6 noo 1-х1 
0 0 
_1 fü-x» 
6 1-х4 i 
because, according to (Valcan, 2016, Proposition), 
Taa. 2 v3). y(n+-q 
ne. e В —x°) x аа 
no 1-х1 
Example Е1.1: The following equality holds: 
ч 1 
lim У: : =. (Е1.1) 
пэ 24(К+1):(к+2):(К+3):(К+4) 18 
Proof: Equality (F1.1) is obtained from equality (F1), for: 
9=1, 


ог by direct calculation. Thus, for every КЕМ", 





1 ааа 
(k+1)-(k+2)-(k+3)-(k+4) 6 (k+l k+2 k+3 k+4 
1 1 
==. fat -3x зайнд x) dx - fia- 3-х+3-х2 - x)).x* ]-dx . 
0 0 


























So, 
1 
lim lim fu- 3-x +3-x?—x3)-x*]-dx 
lin rac (k+2)-(k+3)-(k+4) 6 Dm Y K iod 
T 1 
2. lim [X338 ax = lim m || 4-3-хөзэ2-х) Уу?! - dx 
6 n>% = 6 no = 
0 k=0 0 k=0 
1 í ]-x^ 
-—. lim la- 3-х-3-х2-х 3): х IE 
6 noo 1-х 
а. а 53 lla. 4. 23 ES 
RN [i Res uo Tou Е 3-х43-х3-х7)-х ^а 
6 n>% 1-х 6 noo 1-х 
0 0 
La yy3 1 Z 29] 
zl. 5 ак =>. fa Пао a ap 
6 1-х 6 6 2 310 
0 0 
1 
=. 1 il gd 
6 3/0 18 
since, 





1 га, 23у ntl 
ёо Е 3-x43-x2—x3)-x үнд 


n> 1-х 


Example Е1.2: The following equality holds: 
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ох 1 
lim У; аала: (Е1.2) 
поо f (2-k+1)-(2-k+2)-(2-k+3)-(2-k+4) 6 2 
Proof: Equality (F1.2) is obtained from equality (F1), for: 
4-2, 
or by direct calculation. Thus, for every КЕМ", 
1 _1 1 3 x 3 1 
(2-k+1)-(2:k +2)-(2-k+3)-(2:k +4) 6 (2-К-1 2.К+2 2-К-3 2-k+4 
1 1 
sL. fat -3x ua xt — 23) ax c 5. | -3-ха3-х2-хЭу:х251-0х 
9 0 9 0 
1 
=L. а-э x?" ах. 
6 
0 
So, 
> 2 1 1 " i 3 5d 
lim У. =—- lim fia-» хах 
поо f (2-k+1)-(2-k+2)-(2-k+3)-(2-k+4) 6 пә ion 
1 гс 1 | Ч 
=—- lim [Sax хах. lim loo jo 
6 noo 6 noo 
0 k=0 0 k=0 
1 2-(n+1) 1 2 2-(п+1) 
1- 1-х) :(1- 
_1. lim d-xy-—*> ee lim (ee ax 
6 noo A 1-х noo 1+х 
" la 2.200 
Sh ЭЭР apio | ee 
6 1+х 6 noo 1+х 
0 0 
1 
4 4 1 
-21 х—3+ "ЭРЭ | eae 
6 1 х-1 6 [2 0 
st 1 544-12 EE eine? : 
6 (2 6 2 
since: 
la Q2..204) 
1 lim | axo, 
6 noo 1+х 
Example Е1.3: The following equality holds: 
n 
3 1 à 
lim У` 201 3 14333 шар (F1.3) 
noo yo K+) Grk+ 243k +3): ЕА) 6 2 6 
Proof: Equality (F1.3) is obtained from equality (F1), for: 


q=3, 
or by direct calculation. Thus, for every КЕМ", 





1 1 1 3 3 1 
А + 
(3-К+1)-(3-К+2)-(3-К+3)-(3-кК+4) 6 (x 3-k+2 3-k+3 uu) 


1 
(x ego Eug HER LER dx =. [1-33 «339 х?) харах 
0 


1 
6 
(dx х” edz. 


So, 
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3k] 
-(3-k+3)-(-k+4) ==: lim => ху -X dx 





lim 
noo 2 3 G3 


ln 











1 | Q9) 3-(n+1) 
a etm | арг : acia [@-х°-@-х ) d 
6 noo 3 1-х 6 n>% : 1+x +x? 
1 (44-52 Е PUR , 
= . Ф Х - . Pe X 
6 +x +x? 6 n>% 1+х+х? 


3 2-х-1 3 1 
1- foc cr 2 d a - dx 
3 x°+x41 2 x*4+x41 


А 1 ; 
225 x In(x 2 x уьу arctg a ad 411 3 аза а 5 
6 2 2 6 


Il 
ale 
о— ~ 








Уз Jlo 6 


ѕіпсе: 
1 2 .3(n4l) 
: 1-x)^x 
us ec men 
nc 1+x+x 


Example F 1.4: The following equality holds: 





n 
: 1 
lim Y^ ade ил (Е1.4) 
no £ (4-k- D-(4-k--2)-(4-k +3). (4-k44) 12 42 2 
Proof: Equality (F1.4) is obtained from equality (F1), for: 
q-4, 
or by direct calculation. Thus, for every КЕМ", 





1 1 1 3 3 1 
= . + 
(4-k+1)-(4-k+2)-(4-K+3)-(4-k+4) 6 Ges 4-к-2 4-k43 iu) 
1 
21. [Е gpl 63.6892 _ 143) dy = 


1 
«fiae 1 tas 
0 


c 


1 
се х)%-х®®]-ах. 


So, 


n 
lim 02 : 2500 
noo £x (4-k+1)-(4-k+2)-(4-k+3)-(4-k+4) 6 n>% 


0 
1 гад 1 
а [3-9 хах ==. lim | аху Уе | ах 
6 noo "ED 6 no 


k=0 





Îl, 
—- lim 
6 noo 








1 Зуд OH) 4-(n+1) 
С ху! г i кы бе) уа 
-Х 
0 


6 noc s E +x? 


2 z'dx- 5 lim — D zii 
о1+х+Х +х 6 n>% A ]-x-x^-x 


1 
=+. [2 1 цас, 1 Jax 
6 7 х+ 2 х7-1 х^+1 





i. (1 х)2 Do (4-х)у-х5 079 
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1 
[алнан + ах | 


та ав). 
6 2 4) 12 (2 2 


1 di= x) Lx hat) 








since: 


lim z dx =0. 
шдэ: 14+x+x°+x 
Another category of sequences follows. 


С) Theorem С: If p, q, r, s, ГЄМ" and p<r<s<t, then: 




















n 1 
lim У : =a: lim | Sola, (G) 
пэ t (9:К):(9:К+р) :(9:К+г) :(9:К+5) : (9:К+0) noo д ]-x3 
where: 
G(x)=( aj- a XP + ax - ou x +s X) х, 
1 
a= 3 
p-r-s-t-(t—p)-(s—p)-(t—p)-(S—n)-(t—1) (t-s) 
au (r-p)s-p)(t-p) (s-r) (i-r) (1-5), ases (sr) (т) (1-5) 
O3-p s-t-(s-p)-(t-p) (1-5), оир (r-p) (t-p)-(t-s), 
as=p rs (r-p)-(s-p)-(s-r). 
Proof: For every КЕМ", 
1 —о.| 1 Oz, _ Os Q4 05 
q:k-(q-k+p)-(q-k+r)-(q-k+s)-(q-k+t) ак а.К+р q-k+r q-k+s q-k+t 


1 
=o ЇЇС А х8К-1 eh xok+pl +03: х Каг-1 -045 х9К+8-1 +e xp - dx 


0 
1 

=a: [Ioa -a x? сод x одох" 4 дэх”) x?*].dx, 
0 








where: 
Ex 1 
p-r-s-t-(r—p)-(s—p)-(t—p)-(s—r)-(t—r)-(t—s) | 
a -(r-p)-(s-p)-(t-p)-(s-r)-(t-r)-(t-s), бо=г-8-1(5-г)-(ї-г)-(ї-5), 
O3=p-s-t-(s-p)-(t-p)-(t-s), O4g=p-T-t-(r-p)-(t-p)-(t-+r), 
: буерчг 8 (г-р) (8-р) (8-1). 
о, 





lim Y ! - 
n> = (q-k)-(q-k+p):(q-k+r)-(q-k+s):(q-k+t) | 





=a: lim Y [ко a, - ХР +03: X" ag X7 Fas x): xt 1]. dx 








=a: lim Г, Oy °K? +03: x" 04X? +05-x")-xt* р.х 


n 
le -d3 XP’ +03-x' -a4:x^ +0; sena 
к 





4 1-x™4 
le Op: XP +03 х" -a4:x^ +05 x) xt ae -dx 
1 1-х 
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=a: lim 


І - 
(aj 505^ XP о Faux xt Ч 
-dx 
n—> 


1—х% 


-a: lim 
n->o 





1 : "E 
(aj —05-xP + ta x" -a4-x^*a5- x) x01 
= -4х 
0 


1-х" 





1 
р T s t q-l 
Oy — 9-х’ +03 Хх —a4:x *üas:x ):x 
== 1—92 3 ч 5X) ja. 
^ 1-х 

because, according to (Valcan, 2016, Proposition), 


lim 
n—»o0 





= -a3 X? +03 x" 70427 32 эн | diee 
л ]-x? 
The following remark is required here: 
Remark СО: A simple calculation shows us that: 
Qt- 02+ Q3- Ag+ 05-0, 
which tells us that none of the above integrals is not improper. 


Corollary G1: If q EN”, then: 


n 





LT al vM 
lim У; : 2 | ее, (G1) 
n2» K (9:К):(9:К+1)-(9:К+2):(9:К+3):(9:К+4) 24 7 1-x4 
Proof: Equality (G1) is obtained from Theorem (G), for: 

р-1, т=2, 8-3 and t=5 
or by direct calculation. Thus, for every КЕМ", 














1 LI fa 4 |) 6 4 | 1 
q-k-(q:k+1)-(q-k+2)-(q:k+3) 24 (4-К а-к+1 q-k+2 а-к+3 q-k+4 


1 
= = io —4. TE 4 6.x 8H 4. x TEP? x113). dx 
0 


24 
So, 


1 
EUM [-4-х+6-х? 4x ext dx = 
0 


EM 


24 [1—x)* -x9*].dx . 


Ot 





ч 1 
lim x: = 
noo (q-k)-(q-k+1)-(q-k+2)-(q-k+3)-(q-k+4) 24 


К-1 


п 00 


"E 
шэг" > [ta хаах 
k=1 9 


1 n 1 n 
Ї 2 4 qk-l i i 4 кі 
NE | 1-ху x? H].dx 2 —.1 fla- Sixt eg 
M noo 24 ет | ан 23 * 


1 í 1—х"9 
=—. lim | (1-2) ext =  Ldx 
24 n>% A 1- x3 





1 4-1 q үү?! 
eb dá |! =x) pe и 
ЦЭ 
0 


24 noe х9 


1 
1 4-!.(1— x) 
ze ( |=. 
E 1-х 
because, according to (Valcan, 2016, Proposition), 


ЇГ (041)4-1 руд 
lim | 50-97 asa 


noo 1—х% 
0 


Example G1.1: The following equality holds: 


n 








k=1 





ИГ (041)4-1, 1—х)“ 
Е (1-х) pe 


]1-x42 


| 1 1 
1 eS 
ae ee 96 


(G1.1) 
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Proof: Equality (G1.1) is obtained from equality (G1), for: 


9=1, 
or by direct calculation. Thus, for every КЕМ", 





1 _1 E 4 6 4 1 | 
k-(k+1)-(k+2)-(k+3)-(k+4) 24 (k k+1 К+2 k+3 k+4 


1 
use eee — Ae xk? + x E). dx 


1 1 
== fid-4-x+6:x? exea ez ft fia- x -х ах. 
0 0 


50, 


ad 
: [(d—x)*-x*]-dx 
К.0с:1)4К-52)-00--3)-0--4) 24 e 


з 





К-1 





Du 1 1 

1 4 к 1 4 к-1 1 4 1-х 
ша, ico ee [| ва dee. [| day 

24 ээ х) -х“-1-4х F А х) Ух | ary | х) - 





1 
- valu х)#-1—х")]-4х. 


It follows that: 











ч 1 

li 1 1-x) «I-x53]d 

qs -D-(k*2)-(k*3)-(k«4) 24 am În zyx") х 
1 

1 

Е‘ jo- ху а-а. lim 12 x)? -x"]-dx 
l 2 3 4 

=—.fa- 3.x 43. x? аз 422 43,7 “I 

24 24 2 з 4 jlo 





0 

Ї 3 3 1|) 1 1 1 
ш--3|1---ф = —:-— = —, 
Д34Ч41 i 


1 
lim |[1— x? -x^]-dx =0. 
noo o 





since: 


Example G1.2: The following equality holds: 











n 
. 1 
lim У; 22 87 Sidus (G1.2) 
n-o t (2-k)-(2-k+1)-(2:k+2)-(2-k+3)-(2-k+4) 24 (12 
Proof: Equality (G1.2) is obtained from equality (G1), for: 
4-2, 
ог by direct calculation. Thus, for every КЕМ", 
1 
(2-k)-(2-k+1)-(2:k +2)-(2:k+3)-(2:k +4) 
1 1 4 6 4 1 
=—. + + 
24 \2-k 2.К+1 2-К-2 2.К+3 2.К+4 
1 
EN [e*t -4 1—4. xk 26 х2КЧ 4.2892. 285 фк 
24 
0 
1 1 
= fta- 4-x 46:x? -4. x5 нх5)-х2К71 dx 2 —. [ta—* х ах. 
774 24 
0 0 
Убе 112ө 94 
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So, 


= 





2-К EN 
t + Dy 1- 


15 
.1 EV 2-k-1 RN 2-k-1 |. 
e i x^ x21]. dx X x) Ух a 


К=1 


1 х21 1 2-n 
1 = _ 1 3 1-х | 
E Jia ху х. ган | шаа lu x) -xX Te | dx. 


0 








It follows that: 





im У 
n>% 2-4(2-К)-(2-К-1)-(2-К-2)-(2-К-3)-02-К-4) 


k=l 
1 Sgen 
гол lim СЕ а IE 
1+х 
1 1 (1 х)3.х 1 1 хаан 
- f -dx-—-lim | ax» dx 
24 А 1+x 24 ший 1+x 


24 noe 
0 
1 ак 1 i 1 
= f -dx = f 8-7-x+4-x° -x° -8-— |-dx 
1+х 24 Т 1+ х 

















0 
4 1 
---418-х-7.- ха ia 8-In(x +1) 
2 3 4 0 
= l 448 fs 1 8-In2 zd NES In2 
24 2 3 4 24 \12 


7 n+l 
lim fae х)?. -dx =0. 
noo +X 





since: 





Example G1.3: The following equality holds: 
ЯМ 1 
lim У; zd (Ss 745]. (G1.3) 
n c (3-К)-0-К-1)-0-К-2)-0-К--2)-0-Кк--4) 48 |6 
Proof: Equality (G1.3) is obtained from equality (G1), for: 


4-3, 
ог by direct calculation. Thus, for every КЕМ", 








1 1 (1 4 6 4 1 
=—. + + 
(3-k)-(3-k+1)-(3-k+2)-(3-k+3)-(3-k+4) 24 E 3-k+1 342 3-k+3 a) 


(KE L4. x 6. FE 4 o2 Le dy 


1 
[1-4-х+6-х^—4-х°+х°)-х°^ 1]. dx = [ta tortas. 
0 


So, 


n 


= 


1 
(3.К).(3.К+0.(3.К+2). (3.К+3)-(3.К+4) 724) 





1 
Ї хунх" лах 


k=1 9 


1 
L px ху хэ, dx fio- x) ie 3 


0 k=l 


k=1 
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It follows that: 


1 _y3n 
lim : Мн ia E -dx 
n2 £X 3-k)-3-K+1)-3-k+2)-(3-K+3)-G-k+4) 24 n> 


в 





























ID 2 1 3-n+2 
к? х ы tim 110-х2----| ёс 
24 i 1+x+x ааа 1+х+х 
1 rx? XA qaae 
=] | adi 
24 A 1+x+x 
1 
2-х-1 1 
= ! Je 6. Xd 4. хо т 
24 A 2 x°+x+l 2 х^+х+1 
2 з 4 | 1 
eal в uu t. s К | EET 
24 2 3 4 2 Уз 20 
4 1 1 
ME ока 
24 2342 6 0 
- 05 m43| 1. Е 
24 (12 2 2 48 16 
since: 
1 y? 
lim |0 х)" —— —; |-dx =0. 
удах 1+х+х 
Example G1.4: The following equality holds: 
"TE. 1 
lim У ЕДИ (61.4) 
пэс fai (4-К)-(4-К-1)-(4-К--2)-(4-К--3)-(4-к--4) 24 (12 
Proof: Equality (G1.4) is obtained from equality (G1), for: 
q=4, 


or by direct calculation. Thus, for every КЕМ", 





1 bow 4 6 4 1 
=—. + + 
(4-k)-(4-k+1)-(4-k +2)-(4-k+3)-(4-k+4) 24 E 4-k+1 4-k2 4-k43 пн) 


1 
=. | tax 4G. x HE 4 H2 eer лах 
0 
1 1 1 1 
=z fia- 4-x 46x? -4. x3 ex *) x4]. dx => Їїа-ху хак. 
0 0 


50, 


з 





: Y fia- x) xk]. dx 
= (4-k)-(4-k+1)-(4-k+2)-(4-k+3)-(4-k+4) 24 < ‘J 





k=l 
1 fx 4k-l І { а 
E | [(1— x)* -xX Е os e» Ух“ Ч 
0 k=l 0 = 
1 : 1 
_ 1. | (—х)*-х? IE а 1 [о oar EET Sas 
24 A fex" 24 | Хх 


It follows that: 
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lim Y l 
n> СС) (4-k +1): (4k +2): (4-k +3): (4-k+4) 


1 Зүйл 
UN lim ||(-ху-х” n NM -dx 
24 2 


1+х+х?+х? 








i 1 4-n43 
1 
zur. | ыы м. ie qns a- Ax 
24 "| ex ex^ +x? on dee ааг 
1 











— . 4 . 5: 6 1 * 

LI үк мик ча хак. || 4-6-х+4-х° Жї ал ыи ан 

244 ххх" 24 4 х+1 ww 

2 3 4 1 

Биг а 77 72) 

24 2 3 4 0 

1 

ки aan t d sau. 

24 2 3.4 G 24 (12 


since: 





1 х4-п+3 
lim [ 3». je 


п 1+x4x° +x? 


By reasoning inductively, we immediately arrive at the next result, which we can obtain and by reasoning 
deductively, from (Valcan, 2016, Equalities (10)). 
Example G1.p: For every p, qeN', the following equality holds: 


n 1 1 
lim >» : 2; х dx. (С1.р) 
noe —1(9:К) :(9:К+1)-(9:К+2)-----(9:К+р) pl $ 1-х" 





particularly, 





n 
: 1 
lim у LE x) .dx 
цээрээ ( sa хн (k +p) НТ 
2201 
E (e үзээ to ae и 
Finally, we have reached the last category of sequences whose limit we want to calculate. 
Н) Theorem Н: If p, q, г, s, t, ueN' and p<r<s<t<u, then: 


CP + (ПР Lei | (С1.р) 








1 
lim 2, =o | НӨ) ах, (Н) 
n>% ү20(4:К-Ер)-(4:К-1)-(4:К--5)-(4:К-0)-(4:К-0) | пэө411-х9 
where: 
H(x)e(ag-05 x" a x" -04X + ars x ) x", 














1 
© (r-D(s- p-(t- p (u-p)-(s-r)-(t-r)-(u-r)-(t-s)(u-s)-(t-s)' 
a -(s-r)-(t-r) (u-r) (t-s) (u-s) (u-t), Qh=(S-p)(t-p) (u-p) (t-s)(u-s)-(u-t), 
Q3=(r-p)(t-p) (u-p) (t-r) (u-r) (u-t), a4=(r-p)(s-p) (u-p) (s-s) (u-s) (u-s), 
as=(r-p)(s-p)(t-p)(s-r)(t-r) (1-5). 
Proof: For every КЕМ", 
1 

(q-k+p)-(q:k+1r)-(q-k +8)-(qQ-k+t)-(q-k+u) | 
| Oy 2 + Од 22 4 05 | 

аК+р 4К-г q-k+s q-k+t q-k+u 


1 
=@- [© xS Үр diis хк! +03: х9К+8-1 eds xg +05 аб, - dx 


0 
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1 
=a: [iau pipa Pag. Роде Posea jx ах, 











0 
where: 
2 1 
(r—p)-(s- p)- (t7 p)-(u- p) (s-r): (t-r) (u -r)- (t-s): (u-s):- (t-s) 
o=(S-r)-(t-r)-(u-r)-(t-s)-(u-s)-(u-t), 0=(s-p)-(t-p)-(u-p)-(t-s)-(u-s)-(u-t), 
03=(r-p)-(t-p)-(u-p)-(t-r)-(u-r)-(u-t), 0.4=(r-p)-(s-p)-(u-p)-(S-s)-(u-s)-(u-s), 
: ais (r-p)-(S-p)-(t-p)-(s-r)-(t-r)-t-s). 
O, 


lim Y 1 _ 
noo 44 (q:k+p)-(q-k+r)-(q-k+s)-(q-k+t)-(q-k+u) 





| 
n 
=a- lim Y [ко ~ 01 x? tg xP оц x P фа, xP) xP] dx 
no КА ` 
=1 0 





1 n 
=o: lim Г — 05 ЖР +03 xSP -Q4: xP +05 gh P) А xt E*P-1]. dx 
0 К-1 


n 
(0, —05:x Pax" P og, x tok ya Lee 
k=l 


=a: lim 








| i i 1-х 0194 
=a: lim || (0)-05:Х77-0д-Х"7-аү,(/ х Р +05: x" Р). ХР -— dx 


=a: lim 





5 
у 
8 


5 
у 
8 
o- о. oct 
1 Г Г 
| 
x 
© 


]1-x? 





—~a,-x'P ҳр о, -xP „Хх Р).хР-1 
(0, —0p-X "*04-X Q4:X P+O5-x" P)-x ^а 





-a: lim 


1 Ё - ы - . 
(uu. toga” ox Peo xP) xP ton d 
-dx 
n—»o0 


1-х1 





1 
r-p s-p t-p u-p p-l 
(0, —0p:X *-QO4-X *—Q4-X +A; X 7) Х 
== f| 1—92 3 4 5 ja. 


1—х° 
0 


because, according to (Valcan, 2016, Proposition), 


lim 
noo 





1 = - T Е Е 

(ох P +03: x Soy e Pax” P) x? ха dus 

-dx =0. 
]- x1 


0 
The following remark is required here: 
Remark H0: A simple calculation shows us that: 
@1- 02+ 05- Ag+ 05-0, 
which tells us that none of the above integrals is not improper. 
Corollary НТ: If q EN", then: 





n 1 4 
: 1 - 

lim >, БЕ =. dx. (НІ) 

neo 421 (q°k +1)-(q-k+2)-(q*k+3)-(qQ-k+4)-(q-k+5) 24 i ]-x? 
Proof: Equality (H1) is obtained from Theorem (H), for: 

р-1, г-2, 8-3, t=4 and u=5 
or by direct calculation. Thus, for every КЕМ", 

1 





(а-К+1)-(а-К +2)-(q:k +3)-(q-k+4)-(q-k +5) 





_ 1. 1 4 n 6 4 3 1 
24 (4:К-1 q:k-2 q:k+3 ач К-4 q:k+5 
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1 
== fo- -4. “аан л си хил ааг 
0 
| " 
ES fu- 4x 6x! Ax ext) x]. dem fta- ху .ха&].х. 
| 0 


бо, 


= 





1 
| [(1—x)* «x t5]-dx 
n» (ЧК D-(q-kt)-(q-k e3)-(q-k +4)-(q-k +5) A am ву] 
Il 1 n 
1 : 4 к 1 : 4 к 
=—. lim [(d—x)*-x?*]-dx=—.- lim 2 -У х! бу 
24 noe [> 24 ша 2, 


1 
1- (n+1)-q 
- Lom Micah ae 
24 noo 1- х9 
0 
EV l| (044 уруу la QW 
zd. dm СОО dx. lim | x (0-3) | al. 9 ae. 
24 по i 1-х3 24 пә н 1—х% 24 1-х 
because, according to (Valcan, 2016, Proposition), 


IP (ntl руу 
lim | ES ад 





п 00 1-х" 


Example H1.1: The following equality holds: 





ох 1 
lim У : ээ (H1.1) 
no £ (k+1)-(k+2)-(k+3)-(k+4)-(Kk+5) 96 
Proof: Equality (H1.1) is obtained from equality (H1), for: 


4-1, 
or by direct calculation. Thus, for every КЕМ", 





1 -1 (1 4 6 4,1 
(К +1)-(k +2)-(k+3):(k+4)-(k+5) 24 (К-1 k+2 k+3 k+4 k+5 


(x ies бих a Е d 


1 
[@—4-х+6-х? —4-х3+х4)-хК]-ах = fta- x)*-x*]-dx. 
0 


1. 
24 
бо, 


B 





1 
L (Kk +1)-(K+2)-(K+3)-(K44)-(k+5) 24 XC x) x 1 dx 


1 1 ]- x? 
4 Гула x) харах = 529 | ‘4х => 3 ху. 2- IE 


di 








Ї | 3 n+l 
?---1 (1-Х)у-01-х7 | dx. 
24 | 
It follows that: 


: 2 1 n+l 
1 2 1- 1- 
na 9D: (k+2)-(k - 3)- (k - 4). (k 45) ye n> ue ‚| ху MES л 





1 | 3 1 i | 3 пы 
=—.| (1-х)? -dx -—. lim 1-х) -x -4х 
2 p ) 21 Jt ) ] 
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1 2 3 4 
|е Ха аг аг х ас хаг - 
24 24 


2 3 4 
21:11 
2 34) 24 4 96' 


1 
lim | [1x3 -x"*!].dx =0. 
noo 0 





since: 


Example H1.2: The following equality holds: 





lim У; : std giz quis 
п- 8 (2.К+1)-(2.К+2)-(2.К+3)-(2.К+4).(2.К+5) 6 3 
Proof: Equality (H1.2) is obtained from equality (H1), for: 
4-2, 
ог by direct calculation. Thus, for every КЕМ", 
1 
(2-К-1)-(2-Е4:2)-(2-Е-4-3)-(2-К44)-(2-К-4:5)- 








_1 (1 4 6 4 101 
(06 (2-к+1 2-к-2 2-к+3 2-k+4 2-k+5 




















1 1 
1 1 
= [PE a х Ка бох2 ca et une к. fia- x)? -x?¥]-dx. 
0 0 
So, 
1 
lim j 1-x)*-x?*].d 
ee б ЕО К.О ОКО К: > 6 2! ee 
1 гай 1 
=. | | - 4; 2k . =—. lim | 2-k . 
6 um ула х) .х^`]-ах 6 шин 1-х) Ух ах 
0 k=0 k=0 
1 
1 . _y2nt2 1 | = qao 2:n+2 
=—- lim 1-х)“. Е -dx =—- lim га ху dax 2 dx 
6 n>% ]-x* noo 1+x 
0 0 
1 3 1 3 22:42 1 
A: [em dolio pue ul f рда т ав 
6 1+x 6 n>% 1+х 6 х-1 
0 0 0 
шан C ы 12-748: m2)= Z [s-m2-1) 
6 3 
since: 
1 3 2n+2 
i dum [ЕЕ ЛЕ С м, 
6 пэ : 1+x 
Example H1.3: The following equality holds: 
. Ч 7 
lim У, : = ( 3-13) (H1.3) 
n» £ (3-k +1)-(3-К+2).-(3-К+3).(3-К+4)-(3-К+5) 6 42 
Proof: Equality (H1.3) is obtained from equality (H1), for: 
q=3, 
or by direct calculation. Thus, for every КЕМ", 
1 





(-К-1-0-К-2)-0-К-3)-(3-К--4)-3-К--5) m 





(d 1 4 6 4 01 
5 (3-k+1 3-k+2 3:к43 3-k+4 3-k+5 
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1 
_1 3-k 3-k+1 3-k+2 3.к+3 3-k+4 27 
6 [© 4-x +6.х 4-х +X = fia- ху? МС ]:dx. 
0 0 
So, 
Ч 1 
lim lim 1- 3k] 
ше d ЭЭ x) х” үх 
—. li S. dx =— di Se, 
cim ын x хах n 143 x) » 4х 
1 3-n+3 1 . = (A х3'п+3 
=—-lim (la ху. 2 -dx =—- lim (0 x)" (1-х die 
6 noo 1-x? п 00 A 1+x+x2 
і usd ЛРР 7 l 2.х+1 
-2-| 2-5 ax. tim (095 = аса г Jes 
6 P lexex 6 noo : 1+х+х?° 6 i х +х +1 
ааа алаа 
6 2 6 (2 
since: 
1 . 2 3 3-n+3 
li = -dx =0 
6 n>% 1+х+х 


Example H1.4: The following equality holds: 


n 





lim У : = [502-24]. (H1.4) 
пә £2 (4-k+1)-(4-k+2)-(4-k+3)-(4-k+4)-(4-k+5) 6 2 
Proof: Equality (H1.4) is obtained from equality (H1), for: 
4-4, 
or by direct calculation. Thus, for every КЕМ", 
1 


(4-k+1)-(4-k+2)-(4-k +3)-(4-k+4)-(4-k +5) 








(d 1 4 6 4 101 
“6 (4-К41 4-К+2 4-k43 4k+4 4-К-45/ 
1 

















1 
І 1 
= [at дохо ug He ҮН ug Hey oc fia- x)*-x**]-dx 
6 6 
0 0 
50, 
1 1 к 1 
lim =lim —. 1—x)*-x**]-4 
no Nx k+)-(4-k+2)-(4-k+3)-(4-k+4)-(4-k+5) no» 6 2d ELE 
EXT Је x) ак]; dk = ka lim 3 a- ху Ух 4k | de 
6 noo 2, 
1 
1 А _y4ntl 1 2 q 4n 
=>; lim |a x 5 = |rdx= =: lim (0 2 цэн. 3 ) ах 
Ones 1-х noo e ae +x 
1 
1 -ху 1 4n 
x CS MN (1-ху-х p 
6 DER X 6 пә pexex? +x? 
1 
1 1 
= f 1+4. д фе i ange 
B х41 x^ 6 2 
since: 
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1 
Eu OQ) бан 
—. lim шаадаг . dx 20. 

6 n>% eS oo aie a 
By reasoning inductively, we immediately arrive at the next result, which we can obtain and by reasoning 
deductively, from (Valcan, 2016, Equalities (10)). 


Example H1.p: For every р, qeN', the following equality ше 


п р 
lim У, : zi с р (HL.p) 
nove £4 (q-K +1) k2) (qr kept р! у 1х4 








particularly, 





1 1 
lim 1-х927-4 
поо то) РЕ (к+р+1) “р sf x) £ 


1 1 1 
СО ү-24С qup tel 
| pl g P р р- 





1 
EL. 2+ pol дүр H1.p’ 
: | CD Ce (НІ.р) 
Equality (H1.p’) results from equality (H1.p) or from (Valcan, 2016, Equalities (10')) and taking into 
account the fact that, for every КЕМ, 
1 
(к+1):(к+2):....(Кк+р+1) НТ 





1 
ra x)? -x*]-dx 
0 


1 
Ї k pd км, m2 142 -1 р-р _k+p-l k+ 
= fi C} xH + C2 at + aye cp get (ТР -CP xen] 

















1 1 1 1 1 
Ee Ер, 
Op! К+1 14р-1)! k+2 pro! К+р+1 
So, 
lim fu- x)P-x*]-dx 
lim Pcr Ac» ... (К+р+1 ЕТ im Y ( Pax 
mM" Ч E ma" SX к 
= dm ee x Ida =: lim |. px IE 
{ 1 
=—- lim a- jid ыы lim ‚| xP) lx ny], dx 
p! noo 
0 
1 
dois fh onse] 
p! р! n>% 
0 0 
1 
==. [© x: Ср +x" -C ЗЭР" СЭН аг ПР-Т. хр ce) 
р 
_1 б ol ai...) ga -2 d 2 ote o el 
eie. e (СОР Sop oe tc» y o А 
ѕіпсе: 


1 
lim [(1-х”!у.х°]-ах =0. 
n->0 0 


Ш. Conclusions 
Now we can say that we have solved the problem of calculating the limits of the sequences of type 
(H1.p). I worked inductively, starting from small values of p, q and k. The attentive and interested reader of 
these issues will notice that one can also work deductively. On the other hand, teachers, in class, or training 
circles / camps, with students capable of performance, can take other values for these numbers, only then the 
calculations will be more complicated and the results more beautiful, more spectacular. 
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